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Abstract 

> , 

, With accumulation of high statistics data at BES and CLEO-c, many new interest- 

OO ■ ing channels can get enough statistics for partial wave analysis (PWA). Among them, 

V' 7AA, 7SI], 7HH channels provide a good place for studying baryon-antibaryon 

I interactions; the double radiative decays ip — > 77!^ with V = p,uj,(j) have a potential 

' to provide information on the flavor content of any meson resonances (R) with positive 

charge parity {C = +) and mass above 1 GeV through ^ — > -yR — > 77F; ip{2S) — > 7XcO,i,2 



with Xc0,i,2 — > KKtt^tt' and 2tt^2tt~ decays are good processes to study Xcj charmonium 
decays. Using the covariant tensor formalism, here we provide theoretical PWA formulae 
for these channels. 



^ 1 Introduction 
rS 

I Abundant J/tjj and ip' events have been collected at the Beijing Electron Positron Collider 
(BEPC). More data will be collected at upgraded BEPC and CLEO-C. Many new interesting 
channels are now getting enough statistics for partial wave analysis. 

J/ip and ip' radiative decay to BB (baryon and antibaryon pair) is a good place to study 
baryon-antibaryon interactions and to look for possible resonant states of the BB system. 
Based on the 58 million J/ip events accumulated by the BES2 detector at the BEPC, recently 
BES2 reported [1] that they observed a strong, narrow enhancement near the threshold in 
the invariant mass spectrum of pp (proton - antiproton) pairs from J/ip ^ 'jpp radiative 
decays. The structure has attracted people's attention to study pp near-threshold interaction 
[2]. Future data onip —>■ 7AA, 7SS, 7SS channels will give a new opportunity to study hyperon- 
antihyperon interactions. 

J/ip and ip' double radiative decays ip 'yjV{p,Lj, (p) provide a favorable place to extract 
the uu, dd and ss structure of intermediate states [3]. The J/ip ^ 77P and 77^ have been 
studied by Crystal Ball [4], DM2 [5], MARK-III [6] and BES-I [7]. An interesting structure 
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at i(1440) region in the 7V invariant mass spectra is observed. But due to limited statistics, 
one cannot get reliable PWA results. With much higher statistics data to be available soon 
at CLEO-C and BES-III, these ■0 double radiative decay channels give a potential to provide 
information on the flavor content of any meson resonances (R) with positive charge parity 
(C = +) and mass above 1 GeV through ip '-/R '-ffV. 

The ip{2s) radiative decays into K^K~7r^7r~ and 7r+7r^7r+7r~ via Xcj intermediate states 
are good processes to study XcJ decays which may provide useful information on two-gluon 
hadronization dynamics and glueball decays. 

In order to get more useful information about the resonance properties such as their J^'-'' 
quantum numbers, mass, width, production and decay rates, etc., partial wave analyses (PWA) 
are necessary. PWA is an effective method for analysing the experimental data of hadron 
spectrum. There are two types of PWA: one is based on the covariant tensor (also named 
Rarita-Schwinger) formalism[8] and the other is based on the hehcity formalism[9]. Ref.[10] 
showed the connection between the covariant tensor formalism and the helicity one. Ref. [11] 
provided PWA formulae in the covariant tensor formalism for ip decays to mesons, which have 
been used for a number of channels already published by BES[12] and arc going to be used 
for more channels. A similar approach has been used in analyzing other reactions[13, 14, 15]. 
Ref. [16] provided explicit formulae for the angular distribution of the photon in ip radiative 
decays in the covariant tensor formalism, and also discussed helicity formalism of the angular 
distribution of the ip radiative decays to two pseudoscalar mesons, and its relation to the 
covariant tensor formalism. 

In this paper we extend the covariant tensor formalism [11] to give explicit PWA formulae for 
the new interesting channels mentioned above. The plan of this article is as follows: in section 
2, we present the necessary tools for the calculation of the tensor amplitudes, within a covariant 
tensor formalism. This will allow us to derive covariant amplitudes for all possible processes. 
In section 3, we present covariant tensor formalism for ip radiative decays to baryon antibaryon 
pairs. In section 4, we present covariant tensor formalism for ip decays into 'yyV{p,LV,(p). In 
section 5, we present covariant tensor formalism for the ip{2s) decays into jK~^K~Tr'^7r~ and 
77r'^7r~7r+7r", respectively. The conclusions are given in section 6. Since covariance is a useful 
property of any decay amplitude, all possible amplitudes arc written in terms of covariant tensor 
form. All amplitudes include a complex coupling constant and Blatt-Weisskopf centrifugal 
barriers where necessary. 

2 Prescriptions for the construction of covariant tensor 
amplitudes 

In this section we present the necessary tools for the construction of covariant tensor amphtudes. 
Following the convention of Ref. [11] for the ip decays, the partial wave amplitudes C/f ° in the 
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covariant Rarita-Schwinger tensor formalism can be constructed by using pure orbital angular 
momentum covariant tensors and covariant spin wave functions (p^^-.-^i^ together with 

the metric tensor gf'^'^, the totally antisymmetric Levi-Civita tensor e^^xa- and the four momenta 
of participating particles; here the indices and a run from 1 to 4 over and t. For a 

process a he, if there exists a relative orbital angular momentum Lf,c between the particle b 
and c, then the pure orbital angular momentum Lf,c state can be represented by the covariant 
tensor wave function t^^,^"], [91 which is built out of the relative momentum. Thus here we 
give only covariant tensors that correspond to the pure S-, P-, D-, and F-wave orbital angular 
momenta: 





- 1, 


(1) 




= giJiy{Pa)r''Bi{Qabc) =ff,Bi{Qabc), 


(2) 




= [ff,fu - \^{f ■ r)g^,u{Pa)]B2{Qabc), 


(3) 


1(3) 


= [riuTurx - -^(r • r) {g^„{pa)fx + 9ux(Pa)rn + 9\niPa)fu)]B3{Qabc), 


(4) 


,Mf(l) 
a fM 




(5) 



where r = pb —Pc is the relative four momentum of the two decay products in the parent particle 
rest frame; {f ■ f) — — r^. and 

QuAPa) = 9nu (6) 

Pa 

Here the Minkowsky metric tensor has the form 

g^^ = diag{l, -1, -1, -1). 
BhtSQabc) is a Blatt-Weisskopf barrier factor[9, 17], where Qabc is the magnitude of Pb or pc 



in the rest system of a, 



Qibc - "'^^ - sb (7) 



'a 



with Sa^El- p2. 

The spin-1 and spin-2 particle wave functions (puipajiTis) and (t>^v{Pa-i''^s) with spin projec- 
tion rus satisfy the following conditions 

P^lxiPa, rUs) = 0, (t>n{Pa, ms)(t)*'' {pa, ^'J = Sm^m', 

^(t>n{Pa,ms)(t)l{Pa,ms) = -9nu + ^"^2°" = -9nu{Pa), (8) 
m Pa 

Pa4'f,uiPa,ms) =0, (t)^,^ = (t)ui,: g^''(p^y = Q, 

(j)l^u{Pa,ms)(p*'"'{Pa,m'^) = 6m,m', 
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Projection operators will be a useful general tool in constructing expressions. The spin-2 
projection operator has the form [9, 11] 

m Z 6 

Note that for a given decay process a — > be, the total angular momentum should be con- 
served, which means 

Ja = Sfec + Lftc) (10) 

where 

Sfe, = S, + S,. (11) 
In addition parity should also be conserved, which means 

Va = Wc(-l)'"'^ (12) 

where r]a, rjb, and rjc are the intrinsic parities of particles a, b, and c, respectively Prom 
this relation, one knows whether Li,c should be even or odd. Then from Eq. (10) one can 
find out how many different {Lbc, Sbc) combinations there are, which determine the number of 
independent couplings. Also note that in the construction of the covariant tensor amplitude, if 
+ + Ja is an odd number, then e^yXcrPa with pa the momentum of the parent particle is 
needed; otherwise it is not needed. See, for example, Eq. (28) below. 



3 Covariant tensor formalism for ip decay into ^BB 

The general form of the decay ip 7X — > 7pp amplitude can be written as follows by using 
the polarization four-vectors of the initial and final states, 

A^'^ = V';.(P, mj)el{q, m^)tlja, {Pb: Sb] Pc, Sc)A'""^^ 

= ^jji^(p,mj)el(q,mj)'ijjc,,(Pb,Sb;Pc,Sc)Yl^iUr''"- (13) 

i 

where ipfj.{p, ttlj) is the polarization four vector of the with spin projection of mj; e,,{q, m^) is 
the polarization four vector of the photon with spin projections of m^; ipa^iPb, Sb',Pc, Sc) is the 
spin wave function of the proton and antiproton system with spin Sb and Sc, respectively, and 
the index s stands for the total spin of the pp, see, for example, Eq. (18,19); ^/f"^"" is the i-th 
partial wave amplitude with coupling strength determined by a complex parameter Aj. The 
spin-1 polarization vector il^^{p,mj) for with four momentum satisfies 

3 

ijj,^{p, mj)i/jl{p, mj) = -g^u + = -Qtivip), (14) 

mj=l P 
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with p^ipfj, = 0. For ip production from e^e^ annihilation, the electrons are highly relativistic, 
with the result that Jz = ±1 for the spin projection taking the beam direction as the z-axis. 
This limits mj to 1 and 2, i.e. components along x and y. Then one has the following relation 

2 

J2 i^n(P, t^jW,j,'{p, mj) = (^^^'((5^1 + 5^,2). (15) 

mj=l 

For the photon polarization four vector, there is the usual Lorentz orthogonality condition. 
Namely, the polarization four vector e^{q,m^) of the photon with momenta q satisfies 

gf''ej.(?, m^,) = 0, (16) 

which states that spin-1 wave function is orthogonal to its own momentum. The above relation 
is the same as for a massive vector meson. However, for the photon, there is an additional gauge 
invariance condition. Here we assume the Coulomb gauge in the ^0 rest system, i.e., p'^e^ — 0. 
Then we have [18] 

E m^Mq, m^) = -g^^ + ^I'^^^^i'^^ _ .^_A_q^q^ = -g^^^) (17) 

with K — p — q and K'^e^, — 0. We denote the four momentum of the particle X by K, and 
q-K is a four vector dot product. For X — > pp, the total spin of pp system can be either or 
1. These two states can be represented by j/j and ipa [19]- where 

= u{pb,Sb)'y5v{Pc,Sc), if s = 0, (18) 

-ipa = u{pb,Sb){'ya ^t;—)v{Pc,Sc), if s = l. (19) 

One can see that both ip and ipa have no dependence on the direction of the momentum p, 
hence correspond to pure spin states with the total spin of and 1, respectively. Here pb, Pc, 
and Sb, Sc are momenta and spin of the proton antiproton pairs, respectively, mx and m are 
the masses of X and p, p, respectively; u{pb, Sb) and v{pc, Sc) are the standard Dirac spinors. 
If we sum over the polarization, we have the two projection operators: 



^Ua{pb,Sb)up{pb,Sb) = ( 



■^b + "^i 



2m ^ a/3 



Sb 

EMPc,S^)v,{p^,S^) = (20) 

To compute the differential cross section, we need an expression for \A\'^. Note that the 
square modulus of the decay amplitude, which gives the decay probability of a certain configu- 
ration should be independent of any particular frame, that is, a Lorentz scalar. Thus by using 



5 



Eqs. (15) and (17), the differential cross section for tlie radiative decay to 3-body final state is: 



2 2 



O 13 13 13 \'^l^iP^^j)Ki(l^^j)^as{Pb: Sh^Pc, Sc)A 



fiuas 1 2 



Sf,,Sc mj=l m^=l 



is) 



(21) 



where 



p. = P*. 

ij ji 



= A.A 

^ M=l 5fe,5c 



(22) 



(i$3 is the standard Lorentz invariant 3-body phase space given by 



d$3(p; q,Pb,Pc) = S'^{p-q-pb-pc 



(27r)32S^ {27r)^Eb{27r)^Ec 



(23) 



7(0) 



1 



^ M=l 5i,5c 



2 2 



4m^ 



(24) 



The spin sums can be performed using the completeness relations from Eq. (20): 



1 



^t=l 



2m 



2m 



6 



+ 



-\- 9m \ 



+ m fc — m 



mx + 2m ^ 2m 2m 



{mx + 2m) ^ 



Tr( 



2m 2m 



7a' ) - 

) 



nix + 2m 



+ m ']^c — ^ 



2m 



7a 



2m 



1 



4m^ 



Ur^git^^U*""'"'' [pbaPba' + PcaPca' + PbaPca' + Pba'Pca " "^x5'o 



(25) 



Amplitudes for the radiative decay ip 



rypp 



We consider the decay of a ■0 state in two steps: V ~^ 1^ with X — > pp. The possible J^*^ 

for X are O"*""*", 0""*", l"*""*", 2~^~^, 2~~^, etc. For i/j 'jX, we choose two independent momenta 
p for Ip and g for the photon to be contracted with spin wave functions. We denote the four 
momentum of X by K. The tensor describing the first and second steps wiU be denoted by 
T^^l,,. and i'^^l-.-fj,^-, respectively. 



For ip 



For Ip 
For ^0 



7O++ 



For -0 — >• 7O 



For -0 ^ 7I 



++ 



7I-+. 
72++ 



7PP, there is one independent covariant tensor amplitude: 

jpp, there is one independent covariant tensor amplitude: 

U^^^e^"'^''pxqaB,{Q^^x). 
•jpp, there are two independent covariant tensor amplitudes: 

Ur = e^'''^pxe''^',K/^\ 

e'^'^^PxqV^'aKpi^p^B^iQ^.x). 



(26) 

(27) 

(28) 
(29) 



the exotic 1 meson cannot decay into pp. 
— > 7PP, there are six independent covariant tensor amplitudes: 



^3 

TTjxva 
^5 

TTixva 



P^^^'^^q^Pai^B^iQ^.x), 
pi^>'^^Pqym'^B,{Q^,xl 



;{3)a 
A/3 ) 



g^''P^''^''<^^P„p4^B2{Q 



(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
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where t^^^ and fS^'' correspond to the orbital angular momentum between the proton and an- 
tiproton / to be 1 and 3, respectively. 

For — > 72-+ — > 7PP, the possible partial wave amplitudes are the following: 



Ur = 6'^^^>,g^t(2j5i(g^,x), (36) 

U^- = e^^^^yy^q^p,pd^^^^'B:,{Q^,x), (37) 

r(2) 
S5 ■ 



U^^ = e^^^'^p>^q,q^p'e}B^{Q^,x). (38) 



It is worth mentioning here that the above partial wave amplitudes for the process J/ 
7PP are apphcable to the processes J/V' — > 7AA, 7EE, and 7SS as well. 



4 Covariant tensor formalism for ij; decay into 77^ 

By using the polarization four-vectors of the initial and final states, now we write the general 
form of the decay amplitude for the process 

^^lR^llV{p,(t>,u) (39) 

as follows 

A = V'm(p, rnj)el{q, m,)e*^{k, m'^)A^^^ = ^^(p, mj)el{q, m,)e*^{k, m'^) ^ AiUr. (40) 

i 

In the following ei,{q,'m^) denotes the polarization function of the photon in — > jR, and 
Eaik, m'^) denotes that of the photon in i? — > 7F. The polarization four vectors '0/i(p, mj) and 
ei,{q,m^) satisfy the conditions (14 — 17). And ea{k,m'^) satisfy 

A;'^£,(A;,m;) = 0, (41) 

2_^e^[H:,m^)efs[H:,m^) - -gap H -77 = -g^p [4:2) 

with pv — K — k and Py^a — 0. We denote the four momenta of the particles R and V{p, cf), u) 
by K and pv, respectively. Then the differential cross section for the radiative decay to an 
n-body final state is: 

- E \MP,mj)e:{q,m,)e:{k,m'^)A'^-'^\' 



2 



= ^ E V'M(P,^^)V';'(p,m.)^ii,^^^it^>l''^«A*'^''^''^' 



mj=l 
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1 2 



1 2 



where 



2 E E t^r^ii^^^it^C^r'^''^' ^ E • (43) 



P,,- =P,^ =A,A*, (44) 
1 ^ 

771 _ TP* _ TTfJ-'^Ol (±±) {±)Tj-*IJ,iy'a' fAr\ 



2 1 

Ai=l 



is the standard element of n-body phase space given by 



dMp;pi, ■ ■ -Pn) = - jZPi) n T^^- (46) 



i=l i- 



Amplitudes for the doubly radiative decay — ^ 77^(p? 0) 

This is a three step process: with R — > 7l^(p, a;,0) and p —>■ tt~^'k~, cu tt^tt+tt", 

^ X+ii''", here we number n^, 7r+, tt" as 0, 1, 2. The intermediate resonance state X that 
may appear in the process with J^'-'' vahies are 0"'""'", O""*", l"*""*", 1 '", 2~^~^, 2~~^, etc. Here J, P, 
C are the intrinsic spin, parity and C-parity of the X particle, respectively. For ip '-/R, We 
denote the spin-orbital angular momenta between the photon and tjj by S and L, respectively. 
The tensor describing the first and the second steps will be denoted by T^^}„^^ and ^{j^i^/i^^ , 
respectively. The vector describing the third step will be denoted by V^, where V{p, 0)^ = 
Pin — P2ix, here we use the fact that 7r+ and ir" (or K'^ and K~) have equal masses; and 

VH, = e',^yyMBi{Q.po)fl^)B,{Q,u) + B,{Q^,2)fl^l^B,{Q,,o) + B,{Q^,^f[^^B,{Q,^^)]. 

Now we write the decay amplitude of the into two photons and a vector in a general and 
compact form using the covariant tensor formalism. There is one independent covariant tensor 
amplitude for -0 7O"'""'" jjV{p, cu, (p) 



where f^^^ either //fot'' '^^ f("^^ 



(12) ^(012)- 

There is also one independent covariant tensor amplitude for ip —>■ jO~~^ —>■ ■yjV{p,u!, (f)) 



9 



For the production reaction ip 7!^+ there are two independent covariant tensor amph- 
tudes ; there are also two amphtudes for the decay reaction 1++ jV{p,u, (f)), all in all we 
have four amplitudes 

Ur = e^'''-pxe'^\K,Vpf<''^j<''\ (49) 

Ur = e>'-''yxfi^^e'^^''K,if^'V^f^''^f^''\ (50) 

ur = e'^'^''^PAe"'^^'i^ptSV/3/(«)/(^), (51) 

Ut" = e'"'^y^f^fe''^''^KpVpf^'^^f^^\ (52) 

For the production reaction ip — > 7l~+ there are two independent covariant tensor ampli- 
tudes ; there are also two amplitudes for the decay reaction 1~+ — > 'yV{p,u!,(f)), all in all we 
have four amplitudes 

C/r" = ^'^-f^i)f(i)/3i/"/(«)/W^ (53) 

= fmi^l{^>v'^f{R)fiy)^ (54) 

ur = g^^-f{^)<^p)PVf^fiR)f{v)^ (55) 

ur = f{i)M^-a^~(i)^y^y(fl)j{v)_ (56) 

For the production reaction ip — > 72++ there are three independent covariant tensor ampli- 
tudes ; there are also three amplitudes for the decay reaction 2++ — > ^V{p,u;, 0), all in all we 
have nine amplitudes 

ur = p(2)nuaf3^j^^y^j-(R)j-(V)^ (57) 

ur = ^^-p(2)A^P'5(i^)f£)tgV°/(«)/(^), (58) 

ur = p(2w-(ir)tg\/"/(«)/w, (60) 

ur = ^'^"P(')^""^(ir)T£V/3/(^V^^\ (62) 

ur = g''''P^^^^'"'\K)fi^Ji^^^Vf^f'^^f^'^\ (63) 

jj^ua ^ p{2yXaP^j^^f{2),^y^j{R)j{y)^ (g4) 

^M-a ^ p{2y5Xa^j^^f{2)t^:^2)yaj{R)jiV)_ (g5) 

For the production reaction — > 72""'" there are three independent covariant tensor ampli- 
tudes ; there are also three amplitudes for the decay reaction 2~+ — * lV{p, ^^,<P), all in all we 
have nine amplitudes 

ur = e^"^>,T(i)-'e"^^''«i^5t(^)^Pi'J,5(i^)V;3/(^V^^\ (66) 
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Ur = e^^'^^p,Ti-^)^^'e'3^^«ir^tt)"^>S,,,(X)l^^/(^)/(^), (68) 

C/r" = e'''^^'^p,T'(^)^e"^''«X^i(=^)^^pgi^(X)y^/(^)/^''\ (69) 

^M-a _ e'''^^'^p,T(^)^e^'"'«X^Pi'^^^(X)f^"^y^/(^)/^''\ (70) 

U^'^ = e^'^^'^p^T'f)^*e"''''^X^f(^)^P^5'^^(ir)y^/(^)/(^), (71) 

ur = e''^^>.Tf^'e^^''^ir^t;f)'^^'p;j|,,(ir)l^^/(«)/(^\ (72) 

fjM- ^ e''^'^>^fi3)^Ce"/3p«ir^t(i)^Pj;2)^^(ir)V>/(^)/(^), (73) 

t/r" = 6^^'^>-,7;(3)'^^e"^''«i^^tf)^'^'pSl,5,(i^)y^/(^)/(^). (74) 



5 Formalism for ip{2S) 'fXcJ with XcJ KKn^n and 
27r+27r- 

By following Ref.[ll] wc denote the V'(2s) polarization four- vector by ip^{p, mj) and the photon 
polarization vector by ey{q, rn^). Then the general form for the decay amplitude is 

A = il^^{p,mj)el{q,m^)A''^ = il^^{p,mj)el{q,m^)Y,KUr ■ (75) 

i 

The radiative decay cross section is given in : 

da I 2 2 

E E i'^,{p,mJ)el{q,m^)A^'^'i>;,{p,mJ)dq,m^)A*'''''' 



7 tU .. \ IJ. I I /, T I tU I I IJ. I I I, T 11^^ ^ 

^ mj=l 
1 2 

= -| E E t^r^ii'^^t/f^' - E ■ Fij (76) 

where fiff,^/"^^ is given in (17) and 

P,,- ^P;, =A,A*, (77) 

i^..- -f;^ --lilurgit^^ur'. (78) 
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Note that due to the special properties (massless and gauge invariance) of the photon, the 
number of independent partial wave amplitudes for a ^/'(2s) radiative decay is smaller than for 
the corresponding decay to a massive vector meson [11]. We come now to specific examples of 
reactions. 

5.1 ip ^ 7XcO — ^ "yK^K'TT^TT' 

We construct the covariant amplitudes C/^^ for this channel. Here we number K'^, K~ , 7r+, 7r~ 
as 1, 2, 3, 4. 





= 


yiJ,i^J(M) 7(23) ' 






(79) 


<k;k;\i> 


— 


^(2)a/3 7(2) AK^) AK^) , ri ^ 9 3 ^ 4V 
W'^-' [i<:oi<r2] (23)a/3/(14) /(23) -t \^ ^ ^ 






(80) 


< K*K*\l > 


— 


r(2)a/3r(2) AK*)AK*,) 
y/ii/''(14) ''(23)a/37(14) 7(23) ' 






(81) 


< k;k;\2 > 


— 


^(2)a„fl 7(2)7 7(2) .(XJ) .(XJ) 
yM!^^[X2X2] (14)o^23)/377(14) 7(23) ' 






(82) 


< K*K*\1 > 


— 


^ r(l)a7(l) AK*)AK*) 
yiJ.iy'^(U)'^(23)aJ (U) J {23) ' 






(83) 


< K*K*\2 > 


— 


^(2)a/3 7(1) 7(1) AK*)AK*) 
ynv-^[K*K*Y{14)a''{2S)l3J{lA) 7(23) ' 






(84) 


< K'K\Kp > 




fl'M'^^[yp]434)a/(^134)/(34) + {l<-^2,3<-^4}, 






(85) 


< K'K\K*7r > 




^(l)a 7(1) .(i^') .(X*) , M ^ 2 3 — 4; 
yM'^^[X*3]''(14)a7 (134) 7(14) + l-L ^ ^,<5 — 






(86) 


< K'K\K;-k > 




5/../(S)/(2f + {1-^2,3-4}, 






(87) 


< K*K\Kp > 




5'/ii^^a/3(PX*)7^j^j^l'^]^(3l^/(^134j/(^3i) + {1 2, 3 


4}, 




(88) 


< KlK\K*n >i 




^..^a/3(PKr)r(^;r;,]t[;i?/(S)45)*^ + {1 ^ 2, 3 ^ 4}, 




(89) 


< KlK\K*'n >2 




n n ^r, Af-Cl)" l(2)/3a7(l) /(^r)/(i^*) , ri ^ 
yMi/ya/3lPi^i*J-f [X*X]''(X*7r)'^(14)CT7(134)7(14) — 


2,3 ^ 




(90) 


< KIK\K*'K > 




9nu9a0[PKl)-L [K*K]^{K*n)J{134)J{14) + {J- ^ ^, >3 


-4}, 




(91) 


< K2K\K*7r > 




fn,. N^(2)a/3 7(l)a 7(1)A AK*,) AK*) , r. 3 
yiJ^v^aP\a\PK2)-^ [ft:2^] (^*T)''(14) 7(134) 7(14) 1^- — ^, <J 


-4}, 


(92) 


</o/^|l> 




^^2^7(34) 7(12) ' 






(93) 


< /0/2II > 




^(2)a/3 7(2) Afo)Af2) 
9l^^-^ [/0/2] ''(34)q:/37(34) 7(12) ' 






(94) 


</2/^|l> 




7(2)a/3 7(2) Af2)Af'2) 
yA"^''(12) ''(34)a/37 (12) 7 (34) ' 






(95) 


< /2/2I2 > 




^(2)a/37(2)7 7(2) .(/a) .(/^) 
^'^'"^ [/2/^] ^(12)a^(34)/377 (12) 7 (34) " 






(96) 
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5.2 ifj 7Xci jK~^K TT+TT 

In this subsection we construct the amphtudes W^^, for the process 7Xci ~^ '-fK^K^n^Ti^ . 
The most hkely intermediate states are: K^K*, K^R;, K;K*, K;K;, K*K*, K^K, K;K with 
K*, K*, K* 



> Kti, Kl ^ pK, K*7T, K*7r, and /0/2, /s/^ with /o 
X+X- and ^ TT+TT-. 



< K*K* 



< k*k; 



< K*K* 



< K*K* 



< K*K* 



< K*K* 



< K*K* 

< K*K* 

< K*K* 



1 > = 

2 > = 
1 > = 
2> = 

1 > = 

2 > = 

3> = 

4> = 

1 > = 

2> = 

1 > = 

2> = 



7(1)A .(i?*) 
^t^uafSP^^XjS^P^^-^g F[X*J?*]''(23)/(14) /(23) 

+{1^2,3^4}], (97) 

^puafSP^^XjS^P^^^^I (lfj.y [^[K*K*y{23)J{U) J (23) 

+{1^2,3^4}], (98) 

o n€ n^^rr^^h f{2)X<7 AK^) AK*) 

l^fiuafSPf^X-fS^P^^^y [-^[K*K^]a'' (23) J (14) J (23) 

+{1^2,3^4}], (99) 

^piya/3Pjp(l (Ifj-^X-yS^Pxciy i-^ [K* K*]a (23) J (14) J (23) 

+{1^2,3^4}], (100) 

-n^c- -n^ o"<5rr(l)7 r(2)Aar(l) AK^) AK') 
^Ixi^apP^^X-yS^Pxciy r ''(14) ''(23)^^(14) i (23) 

+{1^2,3^4}], (101) 

•n^r -ni n^^f/^^) 7(2)Aa7(l)7 f (-f^J) f (^*) 

^puafSP^^XjS^P^^^y ['-[X|J?*]o-''(14) ''(23)^(14) i(23) 

+{1^2,3^4}], (102) 

P r^/^n/^n P .v^-'rf^l)^ f(2)A<77(l) AK*) AK*) 

^pvapP^'i Ifi^X-yS^P^^^y [^[K*K*y{14:) ^{23)aJ (M) J (23) 

+{1^2,3^4}], (103) 

r.'^nPn r ^^-^Tf^^) r(2)Aa7(l)7 .(^^2*) f (^*) 

£pi^af3P^q qp-^X-yS^P^^^y F[K|K*](t''(14) ''(23) /(14) /(23) 

+{1^2,3^4}], (104) 

-n^^- „a57(2)Aar(2)7 .(i^l) .(i?|) /-.^.N 

£p.uaf3P^£X-yS^Pxciy ''(14) ''(23)(t/(14) /(23) ' V-'-^'^J 

-n'^^i'^ c -n^ „a57(2)Aa7(2)7 AK*) JK^) . 
Spi^apP^q'^quSXjS^P^y^.^g I(i4) ^(23)^/(14) /(23) ' (1^0) 

r>/3c- r.-^ ^a7+(i)^+(i)'^ /('^*) /('^*) nnv^ 

CpualSPf^XajSPy^^j^y ^(14)^(23)^(14) i (23) ' I-'-'-" J 

c- ri-^ ^a7+(l)^+(l)'^ f (^*) f (^*) 
£puaf3P.^q qH^Xa-iSP^^^y '^(14)''(23) /(14) /(23) ' \^^°) 

(109) 



[^(34)^/(134) /(si) + {1 ^ 2, 3 4}], 
< i^^/^li^p >2 = £,.a/3pJg^g^£Aa75pLi^"'^&]^'nPi^r 
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[^l3V(S)/(S) + {l-2,3<^4}], (110) 



+ (111) 

[^S;1),/S)4m;^ + {1 - 2, 3 - 4}], (112) 

< KIK\KIt: >i = 6^.,^pj5,<,,,pJ^^^"^r(^^^]5^«(pK*) 

+ {1 ^ 2, 3 ^ 4}], (113) 

< KIK\KIt: >2 = WpJg''g;.£A.,5pL.^?""T(^^K]^'^(Px*) 

+ {1 - 2, 3 - 4}], (114) 

^[K*K]^[y*7r]5??[^(14)/(134)V(l4) ^ + {1 ^"^ 2, 3 4}] , (115) 

< K*K\K*T, >2 = £,.„;,pJ/g^£^^^>;,,,,^"^(p^,jPiJ,^(pxj) 

^[^^S.]^[Sl.].,[4M)/(S)Vfu;^ + {1 - 2, 3 - 4}], (116) 

</o/2|l> = £ij,val3p'l£\'i6£,Px,^g'^^T^]lj,]aifi^^^ (117) 

< /0/212 > = £p.a/jpjg''g.£AMci^"'45].^i;2r/j/:)V^^^^^^ (118) 

</J^|l> = WP?^A..,pL5"'^l2r&/a2)V(?i^^^ (119) 

< /2/^|2 > = ^p.a/3P?g''g.^AM.i^"'^l?2r^11)./SV;3l) • (120) 

5.3 -0 ~^ 7Xc2 — ^ 7-ff'^-ff~7r'^7r~ 

We construct the amplitudes ^7*^, for the channel %l} — > 7Xc2 — 7i^^i^^7r+7r^. The most 
possible intermediate states are the same as for %l) — > ^Xc\ ~^ ^K'^ K''t:'^t:' . 

< K*k*\'\ > — n f'(2)«/37'(2) A^S) AKS) /.O.N 
<K*K*\2> = T(2l^.],./(^f/(£f, (122) 
<^o^ol3> = ^S:]/[2lx„>J(2f/(£f> (123) 

< i^*i^*|l > = ^iL(PxcJ[^l^J^i^lS)/(Sf /(S) ^ + {1 ^ 2, 3 ^ 4}], (124) 

< K*,K*\2 > = PjL(PxJ^('f.i,[^Sr^-.]tl5S/£^^ + {1 - 2, 3 - 4}], (125) 
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< K*K* 


3 > 


< K*K* 


1 > 


< k*k; 


2 > 


< k*k; 


3 > 


< K*K*2 


1 > 


< K*K* 


2 > 


< k*k; 


3 > 


< K*K* 


1 > 


< K*K* 


2 > 


< K*K* 


3 > 


< KlK\Kp >i 



9lJ.uPipXa{Pxc2)Ty^xJ^[t\K*K']^^^^ + {1 ^ 2,3 4}], 

9lJ.vTy^\^^]Pip\a{Pxc2)'t\2Z) /(14) V(23) ^ + {1 2, 3 4}] , 

^iL(Px.J^lSr/(2f /(2f^ + {1 - 2, 3 - 4}], 

f(2)a p(2) , Nr{2)Aa .{/^o*)f(^2*) , ri ^ 9 o 
^[lXc2Wi^aXa\Pxc-2l''(2i) /(14) /(23) -^t-L^^,<J 

^(2)a/3p{2) / x7(2)<7p7(2)A AK^) AK^) 
yiJ'''-^[jXc2]^aPXAPxo2)'^(M) ''(23)p^(14) J(23) ' 

p(2) xr(2)apr(2)A AK*) AK*) 

^IJ.vXa\Pxc2)''{lA) ''(23)pJ(14) J (23) ' 

rf(2)a p(2) / xr(2)ap7(2)A AK*) AK*) 
[7Xc2]/i-^i'QA(TlFXc2j'-(14) ''(23)p^(14) i (23) ' 

^(2)a/3p(2) . X 7(l)A7(l)a .(A'*) .(i?*) 
^^'^ [7Xc2]-^a/3A(TlFXc2j'-(14)''(23) ^(14) J (23) ' 

p(2) . xr(l)A7(l)<7, (A-') ,(/?') 
-'^AJi/Acrl/'Xc2j''(14) ''(23)^(14) ^(23) ' 

f'(2)« p(2) ^^(l)Ar(l)a .(i^*) .(i?*) 

[7Xc2]m '^aAf^vPxc2j'^(14)'^(23)/(14) /(23) ' 

y/*^ [7Xc2] ^a(5Xa\Pxc-2 ) ^ [KIK]9 \PKt ) 

[^l3US)/(S) + {l-2,3-4}], 

p(2) Nf'{l)'^ ~A5/ Nrr(l) AKl) Ap) 

-^uvAo- lPxc2 J IPii-i* J L*^ (34)5/(134) /(34) + 1 

T^t\A"L{PxJ^^^^K/^^^^^ + {1 - 2, 3 . 

^(2)a/3p(2) / x^(l)<7 -_A5/ x 
i'^^ [7Xc2] -^a/3A(7 lPxc2 J ^ [KlK]y \PKt ) 

[^lV(S)/(iy + {1^2,3-4}], 

P^lAPxJTl^[K]~9''iPKdii^^^^^^^ + {1 - 2, 3 - 4}], 



^(2)a/3r7(l)a 7(1)A .(A-q*) .(i?*) 



< KlK\Kp >2 

< X^XlXp >3 

< KIK\K*T^ >i 

< KIK\K*t: >2 

< X*X|X*7r >3 

< KlK\K*7r >i 

< >2 

< KlK\K*n >3 

< X*^|X*7r >i 



4}], 



2,3^4}], 



(126) 
(127) 
(128) 
(129) 
(130) 
(131) 
(132) 
(133) 
(134) 
(135) 

(136) 
(137) 
4}fJ38) 

(139) 
(140) 



7^(2)" p(2) / Nf-(1)'T ~XS(^ \ 

^ bxc2W'^oc^<'ypxc2)'^ [K*K]y yP^v 

[^lV(S)4i;^ + {l-2,3-4}], 

■.{2)al3p{2) 1^ ^^(1)<7 ~X5(^__,\7{1) 



2,3^4}], (141) 

y/^^^ [7Xc2] -^aflAa 1/^X02 ) ^ [KlRyJ KPK^ )''{K*tv)S 

[/(S)/(2f + {1-2,3-4}], 

P!.lAPxJTl;,l^K{9'\pK0i^^^^^^^^ + {1 - 2, 3 - 4}] 



(142) 
(143) 



[7Xc2]/^-^i'"AalPxc2J^ [A-i'A-jy li^^i* >'^(A:*7r)5 

2,3-4}], 

'/3d(2) M3(2)€aS' 

[7Xc 



>{2) 



r.(i^r).{^o*) , M 
U (134) i (14) l-^ 



(144) 
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< K*K\K*n >3 



</o/o 
<« 

</o/o 

< /0/2 

< /0/2 

< /0/2 

</2/2 
</2/^ 
</2/^ 



|1 > 

|2 > 

|3 > 

|1 > 
|2 > 

|3 > 

|1 > 
|2 > 

|3 > 



(1) 



t 



(2) 



(1) 

(14)r?' 



'^(134)^(14) 



{1^2,3^4}], 



(1) 



[K2*/^]7''(i^*'r)7'C 



i;w/(S)Vg?+{i-2,3-4}], 



fi2)a p(2) 
2^(1) 



[i^*^]7''(i^*7r)7'^' 
^(2)a/3^(2) 



'£'[^(14)r?'/a34)/a4) ^ + { 1 ^ 2, 3 ^ 4}] , 



(134)^(14) 



Afo) AM 

:7Xc2]^[/o/^]a/3-^(12) /(34)' 



(2) 

[/o/,>z^^ (12) ^ (34) 



f (/o) f (/o) 



rp{2)a rf(2) Af'o) Ah) 

^[7Xc2]/^^[/o/,',]i^«./(12)^(34)' 



^(2)a/3p(2) , w{2)Xa Af2) Afo) 
[7Xc2] -^a/3A(T 1^X02^*^(12) /(12) /(34) ' 

,(2) , xT{2)\a Af2) Afo) 



— ' (n 



\yXc2j'^{12) 

n(2)« p(2) / N7 
[7Xc2]At f'Q;Ao-V^'Xc2j''(12) 



f U2; f 
/(12) /(34) ' 

r(2)Aa Af2) 



7, 



f(/o) 



(12)^(34) 



{2)af3p{2) 



c2] 



f{2)a p{2) 



a/dXo- {P 



7{2)app)X Af2)M) 
Xo2)^(l2) ''(34)pi(12) i(34) ' 



.7{2)ap7{2)X Af2) f{f^) 
Xc2}^{12) ^(34)p/(12) /(34) ' 



/ w(2)<Tpr(2)A r(2) Af2) M) 
\Pxc2)''{12) '^(34)p'^(34)r?T/(12) /(34) ■ 



(145) 

(146) 

(147) 
(148) 
(149) 
(150) 
(151) 
(152) 
(153) 
(154) 
(155) 
(156) 



5.4 ip — 7XcO — ^ 77r^7r 7r"^7r 

We construct the amplitudes [/^^ with a notation similar to the ip — > 7Xco 7i^"^i^~7r''"7r' 
channel. Here we denote tt"*", tt", tt"*", tt" as 1, 2, 3, 4. 



< /o/o|l > 

< /0/2II > 

< /2/2II > 

< /2/2I2 > 

<pp\l > 

< PP\'^ > 
< tttt'Ittct > 



(/O) Af2) 



J(: 



^?..[/(/2)V(S)+{2-4}], 

■<2)a(3 
If^J 

+{1^3} + {2 

„ \Af2) Af2)r(2)af3r{2) 
y/ii'U(12) i(34) ''(12) ^ 



9pv\^^^(l2) ^(^i)^'-{ZA)apJ (12) ^ (34) 



4} + 

2) 

(34)«/3 



(/2) Af2)rf,(2)a0 



{1 ^ 3 & 2 ^ 
+ {2^4}], 
;(2)7 r(2) 



(12) J(34) [j_(i2)^._(34)]''(12)a''(34)^7 



4}], 
-4}], 



fi'M!^[/(12)/(34)^(12) ^^(34)0 + {2 ^ 4}] 
M Ap) rf.{2)a(3 7(1) 7(1) 



(12)/(34)-'[p(12)p(34)]'^(12)a'^(34)/3 



4}], 



fl'M'^[/(^123)(/(12') + f{32)) + /(234)(/(23) + /(34)) + 



(157) 

(158) 
(159) 

(160) 

(161) 
(162) 
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/(143)(/(M^) + /(34)) + /(214)(/(21) + f{ll))]' (163) 

<7r7r'l7ro> - a rf(-') f(^) , ^(p) l(iWi) , 

TTTT |7r^ ^ — y//i/U(i23)i(12)''(p3) ''(12)« ^ ^(234)i(23)''(p4) ''(23)0 ^ 

+{l4-^3} + {2 4^4} + {1^3&2^4}], (164) 

< naiina > — QnvU {i2-i)J {12)^ {axiy{aZ)a + /(234)/(23)^ (ail) '^(0-4)0 + 

+{1 ^ 3} + {2 ^ 4} + {1 ^ 3 & 2 ^ 4}], (165) 

^^aP IP(234) (ail) (23) /(234)/(23) 

+{1^3} + {2^4} + {1^3& 2^4}]. (166) 

5.5 if) — 7Xci ~^ 77r"'"7r~7r'^7r~ 

In this subsection we construct the amphtudes C/^^ for the process — > 7Xci 77r'^7r~7r'^7r~. 
The most possible intermediate states are: /0/2, /2/2, and pp with /o, /2, and p — > tt+tt". 

< /0/2I-I- > — ^fj.yaHP^^X^SiVxaiS [-'- If of^jj (12) /(34) /(12) 

+{1 ^ 3} + {2 ^ 4} + {1 ^ 3 & 2 ^ 4}], (167) 

< /0/212 > = wp?/?M^AM.i^?"'[^[S].^ii2r 

/(3i)/(/l) + {1 ^ 3} + {2 ^ 4} + {1 ^ 3 & 2 ^ 4}], (168) 

< /2/2II > = £M.a/3P?^A.5«pLi5"'[it2^^1S) J(S/(S + {2 - 4}], (169) 

< /2/2I2 > = £..a/JP?g''g.£AM.i^"'[^l?2r^1i)<^/(§V(S)^ + {2 - 4}], (170) 

< > = WP^^A.,.pLi^"'i^ll2^l3ll/(f2)/(S) + {2 - 4}], (171) 

<pp\2> = es.a/5P^g«g,eA...pLi^"'[4;2^1S;/(i^/(S) + {2 - 4}]. (172) 

5.6 i/j 7Xc2 77r'''7r~7r'''7r~ 

The most possible intermediate states are /o/o, /0/2, 72/2 , and pp with /o, /2, P — ^ tt+tt". Then 
we have the following convariant tensor amplitudes : 

< /o/oll > = ^7..Tf^^5T(;i,.,[4/^)V(S)^ + {2 - 4}], (173) 

< /0/0I2 > = f{}^f,^j4(^Um + {2 - 4}], (174) 

< /o/o|3 > = fl^^^;rl^f^.Ml!^f;{i + {2 - 4}], (175) 

^ffM^ _ „ f{2)aPp{2) , ^q{2)\cT Ah) Ah) 
<- /0/2|J- > — y/i!^-f[7Xc2]-^a/3A<Tli^Xc2jL'^(12) /(12) /(34) 
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+{1^3} + {2^4} + {1^3&2^4}], (176) 

< /0/2 1 2 > = P^^Aa {Pxc2 ) [^(12^'' f(12) fiM) 

+{1 ^ 3} + {2 ^ 4} + {1 ^ 3 & 2 ^ 4}], (177) 

^ f f IQ ^ _ t(^)» pi^) \rr(2)Aa .(/a) .(/o) 

<- /0/2|O -> — J-[^Xc2W'^a\a\Pxc2)V'{l2) /(12) /{34) 

+{1^3} + {2^4} + {1^3&2^4}], (178) 

< /2/2II > = %.fi^i:^P!^UPx.2)[i'S^'^^^^^^^ + {2 - 4}], (179) 

< hh\2 > = PiL(PxcJ[^lSr©p/aS^/(3l) + {2 - 4}], (180) 

< /2/2I3 > = f^t^,PilAPxJ[i^^^^^^^^^^ + {2 - 4}], (181) 
<pp\l> = 9,ufi;^l:^PXiPxJ[i^(^i)^^^^^ + {2 - 4}], (182) 
<pp\2> = P^L(Px.J[^i;^^l3l)/a2)/(3i) + {2 - 4}], (183) 
< PP|3 > = r(^^,i,Pii.(PxJ[^i;^^lSl/&V(^ + {2 - 4}]. (184) 



Here /o, /2 and p can be replaced by any /q, /2 and p', respectively. 



6 Conclusion 

First of all, we provide a theoretical PWA formalism for the radiative decay J/ip ^ IPP, 
which is also applicable to the processes J/ip ^ 7AA, 7SS and 7SS. Then we present a 
general covariant formalism for the PWA of the double radiative decay ijj — > 'y'yV{p,ui,(j)) 
processes. Finally, we give the PWA formulae for ijj{2s) radiative decays into K'^K~7r'^7r~ and 
Tr+Tr-Tr+Tr" that are very useful to study XcJ charmonium states. We have constructed most 
possible covariant tensor amplitudes for intermediate resonant states of J < 2. For intermediate 
resonant states of J > 3, the production vertices need L > 2 and are expected to be suppressed 
[11]. The formulae here can be directly used to perform partial wave analysis of forthcoming 
high statistics data from CLEO-c and BES-III on these channels to extract useful information 
on the baryon-antibaryon interactions, and ip — > ■yjV{p,u!, 0) processes to extract information 
on the flavor content of any meson resonances (R) with positive charge parity (C = +) and 
mass above 1 GeV, as well as ip{2s) — > IXcJ with XcJ decays into K~^K~t:^7:~ and 7r"'"7r~7r"'"7r~ 
to study gluon hadronization dynamics. 
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